For ultra compact objects (UCOs), Light Rings (LRs) and Fundamental Photon Orbits (FPOs) play a pivotal role in the theoretical analysis of strong gravitational lensing effects, and of BH shadows in particular. In this short review, specific models are considered to illustrate how FPOs can be useful in order to understand some non-trivial gravitational lensing effects. This paper aims at briefly overviewing the theoretical foundations of these effects, touching also some of the related phenomenology, both in General Relativity (GR) and alternative theories of gravity, hopefully providing some intuition and new insights for the underlying physics, which might be critical when testing the Kerr black hole hypothesis.
Introduction
One of the extraordinary predictions of General Relativity (GR) was the bending of light rays due to the spacetime curvature, creating a net effect not too dissimilar from that of a lens [1] [2] [3] [4] . Although the measurement of the bending of light was itself instrumental in establishing GR as a physical theory of the Universe, the prospects of a direct observation of a gravitational lens was considered unlikely at the time of Einstein.
The discovery of quasars in the 1960s [5] brought major advancements to the field of gravitational lensing. Since these sources are both very distant and bright, they are ideal to observe lensing effects if their line of sight is crossed by a massive object (typically a galaxy). In 1979 the first lensing effect of a distant quasar was recorded [6] , with similar discoveries being made thereafter [7] . However, the largest lensing effects that have been presently observed in astrophysical objects are only of the order of a few tens of arc seconds (see e.g. [8] ).
By contrast, Ultra-Compact Objects (UCOs) can cause much more extreme local deflections of light. These objects (by definition) possess light rings (LRs) and can bend light by an arbitrarily large angle (see section 2). LRs are circular photon orbits, an extreme form of light bending with distinct phenomenological signatures in both the electromagnetic and gravitational waves channels.
In the gravitational waves channel, the first events detected by LIGO [9] [10] [11] [12] [13] actually support the existence of LRs (and hence of UCOs), as the post-merger part of the signal (the ringdown) does not carry the direct signature of an event horizon, but rather that of a LR [14] . Notice that black holes (BHs) fall within the UCO definition: they are UCOs with a horizon. However, there are other compact objects with a LR that could potentially mimick the observed signal. These horizonless UCOs are a far more speculative class of objects, which has been widely discussed in the literature for decades. They are motivated by both classical and quantum conceptual issues related to the existence of an event horizon and of a curvature singularity, whose existence in General Relativity follows from Penrose's singularity theorem, if matter obeys the null energy condition [15, 16] . Horizonless UCOs recently attracted renewed interest precisely because of the LIGO detections. However, most of these objects lack a (known) dynamical formation mechanism and, as shown recently in [17] , physically reasonable horizonless UCOs have potential stability issues. This argument relies on the existence of stable LRs and is briefly discussed in section 2.2. In addition, the gravitational lensing of a particular horizonless UCO model is analysed in section 5.
In the electromagnetic channel, LRs and FPOs (which generalize the latter, see section 2) are also closely connected to an important observable that is being targeted by the Event Horizon Telescope: the BH shadow [18] . Simply, the shadow of a BH in a given observation frame is the set of directions in the local sky that would receive light from the event horizon; since the latter is not a source of radiation (at least classically) the shadow actually corresponds to a lack of radiation [19, 20] . This concept is hence associated with the BH's light absorption cross-section at high frequencies, if the light rays were traced back in time. In particular, the high frequency limit with no polarization is implicitly assumed throughout most of the paper, with light rays simply following null geodesics. But in section 3.3 some comments are made to the lensing of light in the presence of plasma.
The shadow outline in the sky depends on the gravitational lensing of nearby radiation, thus bearing the fingerprint of the geometry around the BH [21] . This builds a particularly exciting prospect for the use of very large baseline interferometry (VLBI) techniques to resolve the angular scale of the event horizon and corresponding shadow of supermassive BH candidates, namely Sagittarius A* in our galaxy center. A shadow observation would probe the spacetime geometry in the vicinity of the horizon, at least as close as the LR orbits, and consequently would test possible deviations to the expected BH geometry (i.e. the Kerr geometry) in this crucial region [18] .
In special cases for which the geodesic motion is integrable (e.g. Kerr) , it is possible to have an analytical closed form for the shadow edge (see section 3). However, generically this is not possible and the null geodesic equations have to be solved numerically. This comprises four second order differential equations, although the existence of spacetime symmetries allows some of the four equations to be simplified to first order. Numerically, instead of evolving the light rays directly from a light source and detect the ones that reach the observer, the most efficient procedure actually requires the propagation of light rays from the observer backward in time and identify their origin [22] , a method named backwards ray-tracing.
The paper is organised as follows: in section 2 we establish the theoretical foundations by introducing the concept of a LR and a FPO. These concepts are applied to the discussion of the Kerr shadow in section 3, wherein both the exact curve describing the edge of this shadow and an approximate method to obtain it are presented. Some remarks on the possible influence of a plasma surrounding the BH are also made. The introduction of effective potentials in section 2 also allow discussing the stability of FPOs and defining a topological charge for the LRs; the latter is used to establish a theorem on the number of LRs for UCOs that form smoothly from incomplete gravitational collapse starting from approximately flat spacetime. In the remainder of the paper we discuss non-Kerr shadows and lensing. In section 4 we discuss non-Kerr shadows in GR focusing on the example of Kerr BHs with boson hair. The role of LRs and FPOs is related to some radical differences that can emerge in this example. The lensing by horizonless UCOs, illustrated by the case of Proca stars is discussed in section 5. In this case there is no shadow, but a clear signature of (unstable) LRs remains. A brief consideration of shadows in extensions of GR, focusing on the example of Einstein-dilaton-Gauss-Bonnet, is provided in section 6. Final remarks are given in section 7.
Light rings (LRs) and Fundamental Photon Orbits (FPOs)
LRs are a special class of null geodesics, hereafter defined for spacetimes that possess (at least) two commuting Killing vectors ζ, ξ, with [ζ, ξ] = 0; these are associated respectively to stationarity and axial-symmetry of the spacetime, and are expressed in the symmetry adapted coordinates t, ϕ as ζ = ∂ t , ξ = ∂ ϕ . Any null vector tangent to a LR is spanned by a combination of ζ, ξ, and it thus geometrically anchored to these symmetries. As a curious particular case, static LRs are possible in some spacetimes; an example occurs at the onset of formation of an ergotorus [23] . For a static LR ζ alone is always tangent to the LR orbit.
LRs can be classified according to their dynamical stability under perturbations. Unstable LRs play an important role in strong gravitational lensing and in the formation of BH shadows. For instance, in the paradigmatic Kerr BH of GR all the LRs are unstable. Their existence allows light to encircle the BH any number of times before being either scattered back to infinity or plunged into the BH, embodying a scattering threshold. In particular, from an observation perspective, LRs contribute to the boundary of the Kerr shadow. However, we remark that (in general) LRs are not necessarily connected to a shadow edge, namely if multiple unstable LRs are available, or if horizonless UCOs are considered [24, 25] .
In contrast to the previous case, stable LRs if perturbed can revolve closely to the equilibrium trajectory. Although not as common as their unstable relatives, there are multiple examples in the literature which feature stable LRs, e.g. Boson and Proca stars, Kerr BHs with bosonic hair and even wormholes [14, 24, 25] . One can anticipate that if the spacetime is perturbed, different modes can accumulate and build-up close to a stable LR position, eventually leading to a backreaction on the spacetime. This intuition was reinforced in a paper by Keir [26] , in which the existence of a stable LR sets a decay limit for linear waves, being highly suggestive of a non-linear instability. In fact, as discussed in section 2.2, horizonless UCOs that are physically reasonable (e.g. smooth, topologically trivial), must have a stable LR and are hence prone to non-linear instabilities [17] .
Despite the close connection between LRs and the shadow edge, the former do not entirely determine the latter. Consider again the Kerr case, wherein geodesic motion is Liouville integrable and separates in Boyer-Lindquist coordinates (t, r BL , θ, ϕ) [27] . For such coordinates, orbits with a constant r BL exist, known in the literature as spherical orbits [28] (see section 3). The subset restricted to the equatorial plane, i.e. the surface of Z 2 reflection invariance, are two LRs with co(counter)-rotation with respect to the BH. These LRs coincide in the Schwarzschild limit at r BL = 3M , where M is the Arnowitt-Deser-Misner (ADM) mass [29, 30] . The set of spherical orbits completely determines the edge of the Kerr shadow, embodying a scattering threshold similar to LRs.
From the viewpoint of an observer which sees the Kerr BH lit by a distant (background) celestial sphere, an increasingly larger number of copies of the whole celestial sphere accumulate as we approach an edge in the observer's sky. This edge, parametrized by observation angles, sets the boundary of the Kerr shadow, with each point of the boundary associated to a particular spherical orbit. We remark that the LRs can only determine two points of the shadow edge, if the observer is on the equatorial plane.
As it will become apparent from section 3, a vector tangent to a spherical orbit is not (generically) spanned by ζ, ξ, in contrast to LRs. Hence, despite being the natural generalisations of the latter, spherical orbits are intrinsically a different identity. Moreover, orbital analogues of the spherical orbits can exist for spacetimes other than Kerr, even if the geodesic motion is not integrable (see also [31] ). Following previous work [32, 33] , these orbital generalisations will be designated as Fundamental Photon Orbits (FPOs).
Similarly to LRs and Kerr's spherical orbits, FPOs are defined for spacetimes with the Killing vectors ζ, ξ, although they have a more complicated formulation. In particular, notice that Kerr spherical orbits were defined in terms of a "constant radius" in Boyer-Lindquist coordinates, which is not an invariant statement. Moreover, a similar criteria in spacetimes for which separability is unknown is meaningless, since r BL = const. is not preserved by mixing r BL and θ, and no basic property favors a particular coordinate chart.
Nevertheless, for generic stationary and axisymmetric spacetimes, one can define FPOs as follows [32] : Definition: let s(λ) : R → M be an affinely parameterised null geodesic, mapping the real line to the space-time manifold M. s(λ) is a FPO if it is restricted to a compact spatial region -it is a bound state -and if there is a value T > 0 for which s(λ) = s(λ + T ), ∀ λ ∈ R, up to isometries.
In short, this definition simply requires that an FPO is periodic on the coordinates (r, θ), by the coordinate notation of the next section, as (t, ϕ) are connected to Killing vectors.
To summarise, FPOs in Kerr are provided by spherical photon orbits, which include LRs as a susbset. All FPOs in Kerr are unstable outside the horizon, but more generically FPOs can also be stable, potentially leading to non-trivial spacetime instabilities by analogy with the stable LRs. As discussed in [32] , FPOs can also be paramount in understanding the detailed structure of more generic BH shadows. For instance, consider section 4, wherein the interaction between different unstable FPOs can give rise to non-trivial effects at the level of the shadow edge, namely a cusp.
Effective potentials
The LR structure of a given spacetime can be analysed even if the the geodesic motion is not fully integrable. The introduction of effective potentials will be particularly useful for that purpose.
Consider a 4-dimensional metric, stationary and axially symmetric, written in quasi-isotropic coordinates (t, r, θ, ϕ) [17, 24] . The coordinates t, ϕ are connected respectively to the commuting azimuthal and stationarity Killing vectors ζ, ξ, with the metric being invariant under the simultaneous reflection t → −t and ϕ → −ϕ. No reflection symmetry Z 2 is required on the equatorial plane θ = π/2, and a gauge condition is chosen in order to have g rθ = 0, with both g rr > 0, g θθ > 0. In order to prevent closed time-like curves we further require g ϕϕ > 0. Unless otherwise specified, no assumptions are made on the field equations, with the results applying to any metric theory of gravity in which photons follow null geodesics.
The Hamiltonian H = 1 2 g µν p µ p ν = 0 determines the null geodesic flow, where p µ denotes the photon's four-momentum. The Killing vectors ζ, ξ yield the constants of geodesic motion E ≡ −p t and L ≡ p ϕ , respectively interpreted as the photon's energy and angular momentum at infinity.
The Hamiltonian can be split into a sum of two parts: a potential term, V (r, θ) 0 and a kinetic term, K 0: 2H = K + V = 0, where
where
Since the LR's tangent vector is spanned by ζ, ξ, then at LR p r = p θ =ṗ µ = 0, where the dot denotes a derivative with respect to an affine parameter. These equalities can be stated in terms of V alone. In particular, notice that from H = 0 we can write:
Moreover, Hamilton's equations yield:
Combining these relations, one can then conclude that at a LR:
The potential V has however the disadvantage of depending on the photon parameters (E, L). Below, an alternative potential is constructed that does not have this issue [24, 32] .
One should first realise that L = 0 at a LR. Indeed, consider by reductio ad absurdum that L = 0 and E = 0; then by eq. (1) V = 0, and the LR requirement is violated by eq. (2). We could also consider the case for which both E = L = 0; however this is also not possible, since the energy of a physical photon must be positive for a local observer, yielding E > −L g tϕ /g ϕϕ [24] .
Since L = 0 at a LR, it is useful to define the (inverse) impact parameter σ ≡ E/L. With this parameter, V can be factorized as
where we have introduced the 2D-potential functions H ± :
In contrast to V , these potentials are independent on the parameter σ, and only depend on the metric elements. Additionally, the condition V = 0 implies one of the mutually exclusive conditions σ = H + or σ = H − to be true, since
is not actually a constraint on H ± , but it rather determines the required σ in order to have V = 0, given (r, θ).
The LR conditions (2) in terms of H ± are simply transcribed into the single equation ∇H ± = 0. In other words, a LR is a critical point of the potential H ± , with the value of the latter only determining the LR impact parameter σ.
The stability of a LR can be inferred by the second derivatives of the potentials. In particular, a LR is stable (unstable) along a coordinate x µ if ∂ 2 µ V is positive (negative). In terms of H ± , at a LR this is translated into:
i.e. the signs of ∂ 2 µ V and ±∂ 2 µ H ± coincide. The two eigenvectors of the Hessian matrix of H ± determine if the LR is a local extremum (saddle point) if both directions have equal (different) stability. In particular, if both directions are stable, then the LR is stable, whereas the latter is unstable if at least one direction is unstable.
Topological charge of a LR
For a continuous family of spacetimes with the Killing vectors ζ,ξ, such as e.g. Boson or Proca stars [34] [35] [36] , the number of LRs is not a constant (see [23, 24] ). However there is still a LR related topological quantity that is preserved [17] .
Consider the stationary and axially-symmetric spacetimes of section 2.1 and a compact and simply connected region X on the (r, θ) plane for which the metric is smooth. One can define a map f : (r, θ) → ∇H ± , which maps each point of X with coordinates (r, θ) to a 2D space Y ± parameterised by the components ∂ i H ± , i ∈ {r, θ}. In particular, a critical point of ∇H ± (i.e. a LR) is mapped to the origin of Y ± .
Fixing the boundary contribution, one can then compute a topological quantity w, called the Brouwer degree of the map, that is preserved under smooth deformations of the map (i.e. homotopies). If ∇H ± = 0 is a regular value of the map, then w can be computed as:
where the sum is over the k th (non-degenerate) LR within the region X. In short, one assigns a topological charge w k = ±1 to each LR according to the sign of J k , i.e. the Jacobian of the map at the LR location. A degenerate 1 LR corresponds to the limit case in which two LRs with opposite "charges" exist at the same location (r, θ). Due to its topological character, smooth deformations of the metric (and hence of the potentials H ± ) leave the total w preserved. This 
where a is a local deformation parameter that does not affect the asymptotic behavior of the map. Left panel: a = −2; there are no critical points and the Brouwer degree is zero. Right panel: a = 1; there are two critical points, namely one local maximum (w = +1) and one saddle point (w = −1), with the Brouwer degree still being zero. Adapted from [17] .
implies in particular that new LRs are created in pairs, with one LR endowed with a +1 charge and the other one with a −1 (see Fig. 1 
for an illustration).
A smooth sequence of solutions within a continuous family of spacetimes can be regarded as a metric deformation, with the assumed symmetries preserved at each stage. However, we remark that, even if a family of solutions is not present, a similar topological argument can still exist.
For instance, starting from an approximately flat spacetime, consider an horizonless smooth object that is formed from an incomplete gravitational collapse. Astrophysically, it is reasonable that this final equilibrium state is well described as being stationary, axially-symmetric and asymptotically flat. Moreover, assuming causality, the final state must also be topologically trivial, according to a celebrated theorem by Geroch [38] .
In clear contrast to the endpoint states, any intermediate stage of the dynamical collapse is in general neither stationary nor axially-symmetric, unless the collapse process is adiabatic-like. Nevertheless, one can still smoothly deform the endpoint states into each other, via a sequence of off-shell spacetimes that possess the Killing vectors ζ,ξ. The actual deformation process is irrelevant, being its existence that leads to the conclusion that the total w in both the final and initial stages are the same. Since there are no LRs for the initially flat spacetime, w must vanish in both endpoints of the collapse. If our final object has a (non-degenerate) LR (i.e. it is an UCO), then it must possess at least another LR, with a symmetric charge.
Furthermore, the stability of each LR can be related to its topological charge. In particular, the analysis of the Jacobian J = det(∂ i ∂ j H ± ) leads to the conclusion that a local maximum (or minimum) of H ± has w = +1, whereas a saddle point of H ± has w = −1. Similarly, an identical statement in terms of the potential V can also be performed, leading to three types of LRs: The LRs (a) exist on several spacetimes, namely for the Kerr and Schwarzschild solutions. Moreover, as discussed by [14] , the ringdown signal of the first LIGO events possess the signature of this LR type.
Several spacetimes in the literature also feature LRs of the second category (b), with Proca/Boson stars [23] [24] [25] or the Majumdar-Papapetrou di-hole system [33] as possible examples. As was previously discussed, these LRs are expected to operate as a radiation trap, leading to a pile up of energy and to an eventual backreaction on the spacetime, possibly triggering a non-linear instability [26] .
Surprisingly, LRs of the last type (c) are not very frequent. In fact, the authors' are not aware of any literature model featuring this type of LR. Moreover, one can show that the existence of these LRs actually implies a violation of the Null Energy Condition (NEC), reason why we shall designate these LRs as exotic. The NEC plays a pivotal role in GR, namely being a critical assumption of Penrose's singularity theorem [15, 16] . Furthermore, the NEC is often considered to be a robust assumption for a healthy theory of gravity, although there can be exceptions [39] . Assuming Einstein's field equations in geometrized units G µν = 8πT µν , the NEC states that T µν p µ p ν 0, where T µν is the energy-momentum tensor and p µ is a null vector. Then one can show (see [17] ) that if p µ is the LR's four-momentum:
which is negative if the LR corresponds to a maximum of V. Hence exotic LRs require a violation of the NEC. However, the converse is not necessarily true, as the NEC can be violated at some point other than the location of the LR. In short:
Exotic LR =⇒ NEC violation
NEC violation =⇒ Exotic LR
A similar formulation can hold even in alternative theories of gravity, as long as the field equations can be rewritten as GR with an effective energymomentum tensor, with the NEC now being stated in terms of that tensor. From eq. (3), one can further conclude that stable LRs are not possible in vacuum, which is consistent with [40] .
In conclusion, if the NEC is enforced, a smooth horizonless UCO that could be a BH mimicker must also possess a stable LR. The latter is then expected to induce a spacetime instability, which possibly creates an issue for these alternative LIGO candidates.
As a final remark, let us mention that if similar topological quantities might be defined for generic FPO families, they could be a powerful tool in the analysis of lensing properties.
The Kerr shadow
The Kerr BH is one of the most paradigmatic solutions in GR, having a major potential for astrophysical relevance [41] . Its importance lies on the existence of several uniqueness theorems, which establish that the only stationary, regular, asymptotically flat BH solution of vacuum GR is provided by the Kerr metric [42] [43] [44] .
Admirably, the null geodesics are fully separable in the Kerr space-time, leading to four constants of motion [27] . This allows one to write all four geodesic equations as first order, thus simplifying the problem considerably. Indeed, besides the photon's rest mass (which is zero) and the constants E, L associated to the Killing vectors ζ,ξ, one has an additional (hidden) symmetry; the latter is due to existence of a Killing tensor, giving rise to the well-known Carter constant Q [27] . For null geodesics, the motion dynamics is expressed with just two independent impact parameters:
In Boyer-Lindquist coordinates, Kerr FPOs each exist on a surface with a constant radius r, having conveniently been dubbed "spherical orbits" in the literature. Notice that while these orbits do lie on surfaces with spherical topology, the geometry is (generically) not spherical. Spherical photon orbits also describe a symmetric motion with respect to the equatorial plane (the surface with Z 2 reflection symmetry) in terms of the Boyer-Lindquist θ coordinate, reaching a maximum latitude with respect to the symmetry axis.
Given a spherical photon orbit at radius r, the corresponding impact parameters must satisfy [28, 45] :
where M and a are respectively the ADM mass and rotation parameter of the Kerr solution. Moreover, the turning point value θ * in a given spherical orbit satisfies:
The edge of the Kerr shadow will be the locus of points in the observer's local sky associated to geodesics that barely skim these spherical photon orbits, and hence have the correct values of χ, η. The coordinates (x, y) of the Kerr BH shadow edge in the image plane, as seen by a static observer at infinity with coordinate θ o , are provided by [19] :
In this representation, the shadow is defined as a parametric curve, with a dependence on the spherical orbit radius r. Hence, for a given value of r we can compute {η, χ} and then {x, y}. The analytical solution for the Kerr shadow appears usually in this way. However, is it possible to write the function y(x) explicitly?
Shadow as a function y(x)
For an observer at infinity, η is trivially obtained from x. Also, given η and r, the value of χ can be obtained directly from eq. (5). The non-trivial step is only to obtain r given η. In other words, starting from eq. (4), one has to find the root of this expression:
, together with Viéte's trigonometric trick [46] , one can write the exact (real) solution:
Hence, given x one can compute r and then χ and y. Notice that each of these branches can describe a different section of the same shadow edge (see Fig. 2 ). 
Shadow sketch
For the Schwarzschild case, setting a = 0, we have from equations (5)- (6):
whereas from the previous section one concludes that r = 3M for all FPOs. For the sake of simplicity, consider a far away observer on the equatorial plane (θ o = π/2), leading to a y shadow coordinate of y = ± √ 3 r cos θ * .
Due to spherical symmetry, r sin θ * = g ϕϕ (r, θ * ), and the expression for y can be re-written in the form:
This is an exact result for Schwarzschild. One can however develop an approximate method to obtain a shadow for other BHs, knowing only the (multiple) radii r at which FPOs occur, their turning points in "latitude" and also their impact parameters η. We critically assume that the contribution of each FPO to the shadow is similar to that of a Schwarzschild spherical orbit in the same location.
Using x = −η and equation (8), we can make a naive prediction for the shadow shape. In particular, we can retry to obtain the Kerr shadow and compare the result with the exact solution (see Fig. 3 ). For a 0 the approximation is identical to Schwarzschild, since it is the foundation for the method itself. For the almost extremal case a 0.999 M there is not a perfect agreement, but the approximation still manages to capture the main features of the correct shadow, in particular the D shape and the horizontal shift. For such a naive calculation, born from spherical symmetry, it is quite surprising. We further remark that this method can be applied with interesting results even for spacetimes that deviate strongly from Kerr, and in which a Carter-like constant is not known, such as Black Holes with scalar hair [47, 48] .
Light rays in a plasma
One should not expect astrophysical BHs to exist in total vacuum, but rather surrounded by an accretion disk and ionized matter. Hence, the motion of light rays affected by the presence of a plasma should also be taken into consideration, as the latter could lead to some observable effects. Although this topic has been extensively analysed in the literature (e.g. see [49] [50] [51] [52] ), we shall (very) briefly mention a recent paper by Perlick and Tsupko [53] ; the latter contains an interesting discussion on how the Kerr shadow can be modified by the presence of a non-magnetized pressureless plasma, while still keeping the full separability of the geodesic motion.
In contrast to vacuum (see section 2.1), the light propagation in a nonmagnetized pressureless plasma is provided by the modified Hamiltonian where the plasma frequency ω p is proportional to the (square root of the) electron number density for a given point x µ . Due to the interaction with the plasma, light rays no longer follow null geodesics, as they are endowed with an effective rest mass. Indeed, these light rays simply follow time-like geodesics under the metric g µν , which is conformally related to the original one by g µν = ω 2 p g µν [53] .
Given a local observer with four-velocity U µ , normalized to g µν U µ U ν = −1, the light ray's four-momentum p µ can be decomposed into parallel and orthogonal components with respect to U µ [53] :
where the frequency ω = −p µ U µ is simply the photon's energy measured in the local observer's frame, and k µ is the spacelike wave four-vector. Replacing p µ into the Hamiltonian H p yields:
, which is essentially the relativistic energy balance for a time-like particle. By recalling that the (phase) velocity of the particle is provided by the ratio of its energy by its (linear) momentum, one can compute the index of refraction n of the plasma as:
p . Heuristically, the plasma will have an effect similar to a refraction lens, magnifying (or demagnifying) the shadow, depending on the specific model.
A generic plasma frequency ω p (x µ ) in the Kerr background will not (in general) preserve the separability of the Hamilton-Jacobi equations, and a Carterlike constant might not exist. As interestingly discussed in [53] , the necessary and sufficient condition on ω p for the full integrability of the geodesic equations is, in Boyer-Lindquist coordinates:
where f r (r) and f θ (θ) are two functions that only depend on r and θ, respectively. The FPO structure can be significantly modified by the plasma, leading in some cases to a large shadow magnification, to the existence of stable FPOs, and even to a vanishing shadow. However, most of these stronger deviations are only significant if ω p ∼ ω, which in principle will not be the case in an astrophysical observation.
As a curious remark, and despite the breaking of spherical symmetry, the Schwarzschild shadow with a plasma is still a circle regardless of f θ (θ); nevertheless, the shadow size still depends on the observation angle [53] , which is a manifestation of this symmetry breaking.
Non-Kerr shadows in GR
Due to the uniqueness theorems, the Kerr spacetime is the only physical BH solution in GR, for vacuum. However, when considering matter fields, other BH solutions with possible astrophysical relevance can be found. In particular, scalar and Proca fields are some of the simplest matter models one can consider, giving rise to non-trivial BH solutions coupled to these fields. Among these models, Kerr BHs with bosonic hair have gathered attention recently, being both physically reasonable and minimally coupled to 4D gravity [32, 47, 48, 54] . These BHs are fully non-linear solutions of Einstein's gravity with a complex massive scalar (or Proca) field, moreover being stationary, axially-symmetric, asymptotically flat and Z 2 symmetric. These solutions exist within GR (and cousin solutions may exist in alternative theories of gravity), they are regular on and outside the horizon, they satisfy all the energy conditions and have no clear pathologies outside the horizon (e.g. close timelike curves or conical singularities). Moreover, Kerr BHs with Proca hair have recently been shown to form dynamically as the endpoint of the superradiant instability, and can thus have a well motivated formation channel [55, 56] .
Kerr BHs with bosonic hair exist within a continuous family of solutions, interpolating between (vacuum) Kerr with a test field [57, 58] and the corresponding solitonic limit, namely Boson/Proca stars, which do not possess an event horizon. These hairy BHs can possess a surprisingly rich LR and FPO structure, the interplay of which can lead in some cases to unusual effects at the level of the BH shadow and gravitational lensing. We remark that we assume both the scalar and Proca fields to be completely transparent to radiation, interacting with light rays only gravitationally.
In the optical channel, the gravitational lensing can strongly modify how an observer perceives its local sky. The latter should be interpreted as set of light receiving directions at the location of the observer, being part of the local null tangent space (see also the review [59] ). One can make a correspondence between the local sky and a closed S 2 manifold O, parametrized by two observation angles. By placing a light emitting far-away sphere N , surrounding the observer and the BH, some of the light rays will be received in the local sky O, forming a map I : O → N , i.e. from S 2 → S 2 . However, if a BH is present, some points in O are actually not mapped to N , as they correspond to light rays that would have originated from the BH. This set of points forms the BH shadow (see Fig. 4 ). In order to represent the map I, and following the setup in [24, 60, 61] , one first attributes a color to each point in N according to a regular pattern, say colored quadrants with a grid. Then for each point in O that is not part of the shadow one can compute the color in N as provided by the map I. The shadow is simply represented in black.
In Fig. 5 comparable sections of O are projected into R 2 observational images, not unlike the Cartesian-like plane in Fig. 3 . In particular, the image's x and y-axis represent respectively the azimuthal and latitude coordinates of the local sky O, with the origin pointing to the center of the sphere N , where the BH can lie.
The leftmost image of the top row in Fig. 5 displays the observational image in flat spacetime. Since the light rays are not affected by the gravitational field in this case, this image is quite representative of the color pattern in N that is directly on the line of sight of the observer. In particular, notice that the white dot is in the image center.
By placing a Kerr BH in the center of the sphere N (see top right of Fig. 5 ), the white dot is now stretched into a white circle, known as an Einstein-ring. Inside the latter one can recognize the Kerr shadow with a/M 0.82, and although it might be unclear from the image, the entire sphere N is mapped an infinite number of times in-between the Einstein ring and the shadow edge. As previously mentioned, Kerr BHs with bosonic hair have (vacuum) Kerr as one of the endpoints, and so the lensing and shadow might be indistinguishable from the latter. However, if the scalar/Proca field contains a significant fraction 2 of the total ADM mass, the observational image can be quite different.
Consider for instance the bottom row of Fig. 5 , wherein the leftmost image displays the shadow of a Kerr BH with scalar hair that is still very Kerr-like, with the lensing removed for clarity. In particular, we remark that the shadow has a slightly different shape (it is more squared) and it is also smaller than a comparable 3 Kerr shadow (see [24, 61] for more details). Nevertheless, the FPO structure is still very similar to Kerr.
However, as displayed in the rightmost image of the bottom row in Fig. 5 , the shadow of Kerr BHs with scalar hair can be radically different from the Kerr case, both in terms of size, shape and topology [61] . Moreover, the lensing also displays chaotic-like structures, with the latter being connected to the existence of radiation pockets [24, 33] . Although not discussed in detail here, the FPO structure of this solution is strikingly different from the Kerr case, which is actually the main reason for these significant differences (for instance, there are four LRs). This hairy BH has almost all of the mass and angular momentum stored in the scalar field, heuristically corresponding to a tiny BH inside a rotating Boson star [61] . Similarly, the FPO structure can also be heuristically regarded as the combination of a Boson Star's FPOs and the FPOs of a central BH. As an illustration of this complex FPO arrangement, notice that there is a circular ghost shadow edge, with a Kerr-like profile, surrounding the turbulent part of the image. This is a consequence of a FPO that is not actually responsible for the edge of a shadow, although its lensing signature is still present.
Shadow cusp
In order to illustrate the importance and non-trivial role that FPOs can have at the level of the shadow, consider the leftmost image of Fig. 6 , displaying the shadow of a Kerr BH with Proca hair. In sharp contrast to the previous solutions, the edge of this shadow has a cusp and it is thus non-smooth (albeit continuous) [32] . Surprisingly, this feature can be understood as a consequence of a sharp transition between the FPOs responsible for the shadow edge. As the geodesic motion is not known to be separable, FPOs in this solution generically exist on a surface with non constant r and with non-trivial motion in θ. Additionally, the FPOs relevant for the shadow have a Z 2 reflection symmetry with respect to the equatorial plane (θ = π/2), and each individual FPO intersects this plane at a single radial coordinate r.
Using this property, one can use the intersection radius as a label for each individual FPO. In particular, the perimetral radius r peri ≡ √ g ϕϕ
, computed at each intersection point, is an invariant quantity related to the Z 2 symmetry and to the Killing vector ξ = ∂ ϕ . On the right of Fig. 6 the impact parameter η ≡ L/E of a continuous FPO family is represented as a function of r peri .
There are three main branches within this FPO family, two unstable and one stable, with the endpoints being unstable LRs with opposite rotation. A similar FPO diagram also exists for Kerr, although for the latter the intermediate stable branch does not exist, and the FPO η(r peri ) curve has no backbendings.
The thick green line in the right image represents the FPOs that are actually responsible for the shadow edge. There is a sudden transition between the two unstable branches, as marked by the dashed black line for η o −1.7M . This transition coincides with the cusp, as illustrated by the η o = const. blue line in the left of Fig. 6 . Also for the latter, two dotted black lines with constant η are represented with the impact parameter of both LRs, each intersecting the shadow at a single point.
Still, one can wonder what is the role of the FPOs that are unrelated to the shadow edge. Curiously, these bare FPOs that have η < η o produce no observable effect, as they are cloaked by the shadow being created by FPOs with larger r peri . However, (unstable) 4 bare FPOs with η > η o produce a ghost shadow edge, noticeable at the level of the lensing. This is displayed by the pink eyelashes sprouting from the cusp, on the left of Fig. 6 . Similar results have also been reported in [62] for a Konoplya-Zhidenko rotating BH, wherein a transition between spherical orbits leads to a cusp at the level of the shadow. However, in contrast with Kerr BHs with bosonic hair, the geodesic motion is separable in their spacetime.
As a concluding remark, and in order to illustrate the stability properties of FPOs, consider in Fig. 7 two examples of the latter, dubbed A and B. These are displayed as blue lines in the figure, together with their perturbed versions in red, to further illustrate their stability. The x-axis display the radial coordinates r shifted byr, which is respectively the radius at which each FPO intersects the equatorial plane.
The FPO A is represented in the left of Fig. 7 , wherein the x-axis has an additional ad-hoc radial shift of 10 −5 (notice that the latter is necessary in order to keep all of A visible under the use of a logarithmic scale). The perturbed A orbit is clearly unstable, with the deviation increasing several orders of magnitude in the course of a few oscillations.
In contrast to the latter, the FPO B in the right of Fig. 7 appears to be stable, as suggested by its perturbed version. Indeed, the perturbed B orbit never deviates significantly from B, simply revolving around the latter as if it was an equilibrium point. We remark that a more precise measure of stability can be made in terms of the Poincaré section of these orbits on the equatorial plane, leading to the same conclusion [32, 63] .
It is also relevant to mention that the displayed FPOs (in blue) have motion in all coordinates, and in particular these FPOs do not exist at a single r for the chosen coordinate chart. We further stress that a pure FPO is periodic in the (r, θ) plane, i.e. both A and B are always projected to the respective blue lines in the figure, never leaving the latter.
Lensing by a horizonless UCO
As previously discussed in section 4, FPOs can produce sharp effects on the observational image without being connected to the edge of a shadow. This idea will be further reinforced in this section by analysing the gravitational lensing of a particular horizonless UCO: a static Proca star with spherical symmetry [25, 64] , containing a LR pair with opposite stability.
Consider the left of Fig. 8 , displaying the geodesic time delay of the Proca star observational image [25] . This time delay map is similar to the images in Fig. 5 , although the grey levels now represent the variation of the time coordinate t between N and O (see Fig. 4 ). This representation sharply reveals an annular region in the sky for which photon motion is much more time consuming. Not too surprisingly, this region is connected to an (unstable) 5 LR orbit.
Although there is no event horizon present, and hence no shadow, the attentive reader might notice an uncanny resemblance to a shadow, which is not a coincidence. This particular Proca star has a high density core, leading to a very large redshift of any radiation emitted close to the star's center. In this regard, this configuration is closely related to the concept of a frozen star [65] , the latter being the shadowy afterglow of a star collapsing into a BH, as seen by a faraway observer. Indeed, as discussed in [25] , the fully dynamical evolution of this Proca star quickly leads to a gravitational collapse into a Schwarzschild BH, as this spacetime is plagued with several instabilities (the stable LR might contribute to this). However, despite the resemblance, the angular size of the (final) BH shadow is larger than the (initial) star's annular region, as most of the Proca field mass exists outside the star's unstable LR.
Since this Proca star is spherically symmetric, the gravitational lensing can be fully described by a 1D scattering process on the equatorial plane. In particular, the initial angle is provided by the (angular) distance with respect to the observational image center (i.e. in O), whereas the scattered angle is the final angle on N , with its origin on the point that would be directly in front of the observer in flat spacetime.
The plot on the right of Fig. 8 displays the scattering angle, as a function of the initial angle, with the scattering divergence being a clear signature of the unstable LR. Curiously, the scattering profile for the Schwarzschild BH is quite similar, except for the left part of the peak which would be replaced by the Schwarzschild shadow.
Due to symmetry, if the scattered angle is a multiple of π, then there are points in O along a ring that are mapped to a single point in N , forming a caustic. These rings, commonly known as Einstein rings, already appeared in Fig. 5 , with the large white circle being the clearest example. The latter is the lensing of the white point in N that would be directly in front of the observer in flat spacetime. Hence, any scattering angle multiple of 2π would lead to such a white circle in O. However, a scattering angle of an odd multiple of π also leads to an Einstein ring, although it corresponds to the lensing of the point in N that would be directly behind the observer. With no loss in generality, we shall focus on the first case.
Due to the LR scattering singularity, there is an infinite number of Einstein rings in the image that pile-up close to the LR edge. This LR feature is mani-fested when representing multiples of 2π on the right of Fig. 8 using horizontal lines. Moreover, since this divergence of the scattering angle close to the LR is logarithmic, one can write the impact parameter of the k th Einstein ring, corresponding to a scattering angle of 2πk, as:
where η LR is the impact parameter of the (unstable) LR and {a, b} are constants. We remark that, despite not being an angle, the impact parameter η ≡ L/E can be used to parametrize the initial angle in O (e.g. see Fig. 6 ). In the inset of the right image of Fig. 8 , the numerical values of |η ER − η LR | are represented as red points, together with the best fit (in blue) to the logarithmic approximation above, showing a good approximation even for the lowest k orders.
6 Non-Kerr shadows in alternative theories of gravity
The discussion in the previous sections only considered spacetimes within GR. However, there are strong theoretical motivations (e.g. non-renormalizability and curvature singularities) to search for alternative theories to Einstein's GR [66] .
Higher order curvature corrections can be included in the action as a simple GR generalization, often leading to field equations with higher order derivatives. Due to covariance, this also leads to time derivatives higher than second order, resulting in unphysical run-away modes (Ostrogradsky instabilities [67] ).
Nevertheless, by a cleaver combination of higher curvature terms in the Lagrangian, it is still possible to obtain field equations that are at most second order. In particular, Lovelock [68] established that in vacuum gravity the most general such combination is provided by the Euler densities E n , with the latter being scalar polynomial arrangements of the curvature tensor of order n. In particular for D = 4 dimensions, the most general (vacuum) Lovelock theory is a linear combination of E 0 and E 1 , simply corresponding to GR with a cosmological constant. Euler densities of higher order, such as the Gauss-Bonnet combination E 2 , are topological constants in D = 4, thus not leading to any dynamical contribution when applying the variational method. Nevertheless, by simply coupling E 2 to a dynamical scalar field, the 2 nd Euler density can generate a non-trivial effect, giving rise to a new theory.
The latter model, known in the literature as Einstein-dilaton-Gauss-Bonnet (EdGB), occurs naturally as the low energy limit of string theory [69] and can also be regarded as an effective description of higher curvature corrections. BHs can be found within the EdGB theory, both in the static [70] [71] [72] [73] [74] [75] [76] and rotating case [77] [78] [79] [80] [81] [82] . These BH solutions can moreover be perturbatively stable, asymptotically flat and regular, possessing a dilatonic field as a form of nonindependent hair [66, 83] .
We further remark that the Gauss-Bonnet term can be interpreted as an effective energy momentum-tensor within plain GR, hence representing some type of exotic matter that can violate energy conditions [66, 83] . One could expect that the distribution of this exotic matter around a EdGB BH would lead to some type of sharp signature at the level of the shadow. However, rather surprisingly, this does not appear to be the case. To illustrate this point, consider Fig. 9 , wherein the shadow of a rotating EdGB BH is compared with the corresponding Kerr shadow, with the same global ADM quantities. The difference in the shadow size is almost imperceptible (around 1.4%), with the latter being a representative case of most of the EdGB solution space. The main reason for this result appears to be the small variation of the FPO structure with respect to Kerr. Since most of the non-trivial physics exists just outside the horizon, but still enclosed by the FPO structure, any potential new signature from the Gauss-Bonnet term appears to be hidden by the BH shadow.
This particular model illustrates the fact that new theories of gravity need to significantly modify the LR and FPO structure of the Kerr BH in order to generate a sharp signature at the level of the shadow.
Conclusions and final remarks
Almost 100 years ago, Eddington's observation of light deflection by the sunweak gravitational lensing -played a key role in establishing GR as a physical model of the Universe. With the advent of new observation channels, namely the Event Horizon Telescope, the detection of strong gravitational lensing is finally within reach. This prospect has led to a renewed interest, in the XXIst century, on what is a standard problem in GR: the motion of light around compact objects and in particular the computation of the shadows of BHs. There is already a vast recent literature studying these problems in many different models, see e.g. [33, 40, 61, 62, . For ultra compact objects (UCOs), Light Rings (LRs) and Fundamental Photon Orbits (FPOs) have a pivotal role in the theoretical analysis of these effects, and of BH shadows in particular. In this brief review, that emphasises these theoretical foundations, specific models were considered in order to illustrate how FPOs can be instrumental to understand some non-trivial effects at the level of gravitational lensing. This paper aims to be a brief overview and reflection on some of these concepts, substantiated by sharp examples, hopefully providing some intuition and new insights for the underlying physics, which might be critical when testing for the Kerr black hole hypothesis.
